2008 Bookstein's Thin Plate Splines
080303a tpsSplin.mcd

ORIGIN = 0 Fred Bookstein's Thin-Plate Splinesimplemented prepared by

by F. James Rohlf in hisTPS seriesof programs Wm Stein
The TPSseries of programsfor Windows may be found at:

http:/Nlife.bio.sunysb.edu/morph/

Look under " software” " thin-plate spline’

The TPSseries supports several different activities including data collection (tps.Dig2) and subsequent analysis
(tpsSplin, tpsRelw, tpsTree, tpsRegr, tpsPL S, tpsSmall). The object of thetpsSplin program istoimplement
Fred Bookstein's (1991 Cambridge Univ. Press) pairwise comparison of morphological shapesregistered by
shiftsin position of landmark points(LM) in two dimensions as a mathematical deformation in the original
sense of D'Arcy Thompson (1917 " On Growth and Form™). In Bookstein's approach, shape change (positional
changesin landmar k points) is decomposed intoa " uniform™ (or affine) component and a" non-uniform”
component. The non-uniform " warp" part ismodeled usng mathematics derived from war page of thin metal
plates analyzed in terms of " bending energy"” (resistance to bending) - an approach called " thin-plate splines" .
Thethin-plate spline warp isfurther decomposed into " partial warps" usnga more-or-less sandard
eigenvector /eigenvalue appr oach. Partial warpsaretherefore, in a sense, a spectral decomposition of the total
"warp" (non-affine component of shapechange), and partial war ps sum together torecreate the total " warp" .
Thevalueof this style of shape decomposition is perhaps debatable. Similar to Principle Components Analysis
(PCA) - also a form of spectral decomposition - it remainsfor the biologist to read specific biological
interpretation(s) into the results. However, the approach is statistically " guilt free", and exploratory, in the
sense that no specific model of shape change is assumed, and no statistical hypothesisisformed or tested.

Reading the Data: Landmark
Br := READPRN("c:/2008Morphometrics/Booksteinr.dta' ) < landmarks coor dinates coor dinate points
on first (refer ence) form 3.6929 10.3819\

6.5827 8.8386
6.7756 12.0866

LMnum := rows(Br) LMnum =5 < number of landmark points 4.8189 11.2047
5.6969 10.0748 )

Bd:= READPRN("c:/2008Morphometrics/Booksteind.dta’) < landmark coordinates
on second (data) form Br

Plotting Landmarks: 3972 6535)
6.697 4.118
14
Bd=| 6.539 7.236
5.402 6.453
12 * 7 5.776 5.114)
[ )

o < Note that Br and Bd contain
gy 101 ¢ B differencesin LM locations
oos that represent trandation and
Bd ° rotation. These differences
++ 8r m are probably related only to

+ how the data were originally
+ + collected...
6 |
+
| | | | | | -+




2008 Bookstein's Thin Plate Splines 2

Calculating Matrix P (Bookstein 1991, p. 27, 32 & 294):

i:=0.rowsBr)—1 j:=0.rows(Br)-1 <indexvariables

X, = (Br@)i y, = (Br<1>)i < obtainingx & y coordinates from the referenceform Br
_ , 0 3276 3523 1.395 2.027)
. ._\/ w2 (v _v)2 <r,;;j arethe Euclidean distances
) ) between LM pontsi & j in 3276 0 3254 2951 1521
refer ence form Br r=|3523 3254 0 2146 2283
1395 2951 2146 0 1431
- 2 2| it ieq SSplinematrix Pe. Notethat 2027 1521 2283 1431 0
PK. i (ri,j) 'I{(ri,'” LR since In(0) isundefined asa /
0 otherwise function, Py hasto be explicitly

programmed here using a 0 25472 31251 1294 581 )
conditional ... 25472 0 2498 18851 1.939

Pq=|31251 2498 0  7.036 8602
1294 18851 7.036 O  1.467
581 1939 8602 1467 0 )

N Matrix Py isan explicit calculation of " bending energy”
between L M pointsin the refer ence form Br.

Matrix Q of 1'sand x,y Coordinatesof Landmark Points

(Bookstein 1991, p. 32 & 320): 1)

ONE = 1 k=2 ZERO, ,:= 0 1 00 0)
: ONE=|1| ZzERO=|00 0
3.6929 10.3819) 1 000)
6.5827 8.8386 1)

Q = augment(ONE, Br) Q= 6.7756 12.0866 < In addition to" bending energy" Py, a thin plate

4.8189 11.2047 spline requir esinfor mation about the (x,y) location of
56969 10.0748) the"armature’ points. Thisinformation issupplied by
the LM pointsin the referenceform Br.

e I I N

Partioned Matrix L containing both affineand non-affine elements
(Bookstein 1991, p. 32 & 320): 0 25472 31251 1294 581 1 3693 10.382)

Lop = augment(Px . Q) 25472 0 2498 18851 1.939 1 6583 8.839
Ltop=|31251 2498 0O 7036 8602 1 6.776 12.087
1204 18851 7.036 O 1467 1 4.819 11.205
581 1939 8602 1467 0 1 5697 10.075)

Lot = augment(QT , ZERO)

L= StaCk(LTop, LBOT)

1 1 1 1 1 00 0)
LgoT=| 3693 6583 6.776 4.819 5697 0 0 O
10.382 8.839 12,087 11.205 10.075 0 0 0)

0 25472 31251 1294 581 1 3.693 10.382\
25472 0 2498 18.851 1.939 6.583 8.839
31.251 24.98 0 7.036 8.602 6.776 12.087

1

1
1294 18.851 7.036 0 1467 1 4.819 11.205
581 1939 8602 1467 0 1 5697 10.075 < Matrix L providesinformation about potential
(i.e., before knowledge about any specific
1 1 1 1 1 0 O 0 . " : "

deformation) " bending energy” and LM

3.693 6583 6.776 4819 5697 0 O 0 locationsin therefer ence form Br.

10.382 8839 12.087 11.205 10075 0 O 0 }
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VectorsV & Y containing LM locationsin the second (data) form
(Bookstein 1991, p. 33 & 320): 3972 6535)
_ _ _ , _ 6.697 4.118
V:= Bd < Sincethe thin-plate spline models war ping of athin metal plate v<|6539 723
in thez direction given (x,y) infor mation about postion on the T '
0 0) plate, Bookstein's procedure consider s each column of V (V,,V,) 5.402 6.453
z=10 o0 separ ately asvectorsV, & Vy. Of course, matrix algebra doesn't 5.776 5_114)
) car eabout thisdiginction...
00)
3972 6535) < VectorsY, & Y, - columnsof Y - providesan
Y = stack(V.2) 6.697 4.118 gugm_er:_ted d(;:?tr:]nptflf.on of vectors\{x_ & Vyt tp aII_I ow
6539 7.236 escription of the affine component in matrix L.
5.402 6.453
Y = For lack of better terminology provided by Bookstein or
5776 5114 Rohlf, we can say her ethat vectors Y may be thought to
0 0 " charge the spline" with infor mation about the specific
0 0 deformation involving comparison of Br with Bd.
0 0 )

Calculating thethin-plate spline (Bookstein 1991, p. 33 & 321):

W= L~ 1 Y 0.04928 -0.00228 0.03286 -0.0744 -0.00546 1.92725 -0.31551 —0.05809\
—0.00228 0.03889 -0.00042 0.04391 -0.0801 1.81355 01776  —0.29264
0.03286 —-0.00042 0.02195 -0.04847 -0.00592 -3.78036 0.17271  0.24702
L 1 -0.0744 0.04391 -0.04847 0.15456 -0.07561 -0.72522 -0.02746 0.14083
| —0.00546 -0.0801 -0.00592 -0.07561 0.16709 176478 -0.00735 -0.03712
192725 181355 -3.78036 —-0.72522 1.76478 701.06169 -29.64533 -50.94956
-0.038  0.0424
00232  0.0159 -0.31551 0.1776 0.17271 -0.02746 -0.00735 -29.64533 4.95546 0.14471
. ' —0.05809 -0.29264 0.24702 0.14083 -0.03712 -50.94956 0.14471 4.83371 )
—0.0248 0.0288 W's
n .
W e 0.0798 -0.0454 | ~ non-affine coefficients Inverse matrix of L
-0.0402 -0.0418 < coefficientsof the thin-plate spline including the affine components. This
1.355 —2.946 a, information isused to computethe spline function f(x,y) for any arbitrary
0.8747 —0.2956 a, point (x,y) not necessarily LM points. See for mula for f(x,y) in Bookstein p. 33.

-0.0289 0.9216 ) a,

" affine coefficients a;, a,, a,

Setting up a grid of pointsto display the spline:

Xmin = min(Br<O>) Ymin := min(Br

Xmax = max(Br<0>) Ymax == max(Br

<1>)
<1>)

< calculating max and min coordinates of the LM pointsin Br.

3.693 10.382)

n:=30 <9pecifyinggridsize
Peeiying g 6.583 8.839
Xmax — Xmi = Ymi =
= ( mex mm) Sy = (ymax ymm) < gtep sizefor point in the grid. Br=|6776 12.087
n n 4.819 11.205
j=0.n k:=0.n < index var iables for grid. 5.697 10.075)

ij’k = Xmin + ]+ S GY-’k =Ymin+ K-S < congructingthegrid as separ ate matrices G, and G,.

]
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Plotting theinitial LM points and grid:

Bookstein's Thin Plate Splines
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7 ol —
LS T
e e,
L I A
Br<1> A
@00 105 v vt e e e e e e e e e e e e e e e e e e e e e e e e e e e —
G_V, N A
e e,
O 7]
95— ............................... —
O o T
............................ ®
85 | | | | |
35 4 4.5 5 55 6.5 7
(0 .
Br, Gy matrix W as

TPS Calculation for asingle point on thegrid:

X = Gy o X =3693 y:= Gyo,o y = 8.839
) — (w2

aly = (W )LMnum al, = 1.355 aly = (W )LMnum
(V) _ (w2

aXX = (W )LMnUm+1 aXX = 0875 aXy = (W )LMnUm+1

Xy = 0.875 aYy = (W<1>)|_|\/| nums-2

Wx = (W@)LM num+2

Distance and Spline Energy:

sy = 1x - (660) ] [y (), aatm - 15s8
s, =[x (69, [y (7). aiatm, - 29
sty = [1x (6] [y (69), aatm, - aars
s =[x (69, [y (67),] aatm,- 260
distLM, = J_x - (Br<0>)4_2 + _y - (Br<1>>4_2 distLM, = 2.355

" Euclidean distance (r) between point (x,y) and each LM

< choosing the point with indices 0,0 on
the grid from among the pointsin Gx/Gy.

aly = —2.946 W=
axy = —0.296
ayy = 0.922

ULM = (distLMO)z- Ir{(distLMo)z_

ULM = (distLMl)z- Ir{(distLMl)z

ULM,, = (distLMz)z- Ir{(distLMz)z

ULM, = (distLM3)2- Ir{(distLMg)z

ULM,, = (distLM4)2- |r{(disu_|v|4)2_

defined above:

-0.038 0.042

0.023 0.016

-0.025 0.029
0.08 -0.045
-0.04 -0.042
1.355 -2.946
0.875 -0.296

-0.029 0922 )

N defining affine coefficients a,,a,,a, for each component x & y

ULMO: 2.067
ULM1: 17.724
ULM2: 60.125
ULM3: 13.229

ULM4 = 9.496

A caleulating TPSU(r)=r2n(r2) function
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Weighted U functions : U functionsin x & y are weighted by the coefficientsin W:
(0 (v
WUX, = (W )0~ ULM,  WUx,=-0.079 WUy, = (W )0~ ULM, WUy, = 0088
] (0 . (v
WUX, = (W )1~ ULM,  WUx, = 0411 WUy, = (W )1~ ULM, WUy, = 0.282
] (0 . (v
WUX, = (W )2~ ULM,  WUx, = -1488 WUy, = (W )2~ ULM, WUy, = 1732
(0 (v
WUX, = (W )3~ ULM,  WUxg= 1055 WUy, = (W )3~ ULM, WUy, = -0.601
] (0 . (v
WUX, = (W )4~ULM4 WUx, = -0.382 WUy, = (W )4~ULM4 WUy, = -0.396
N Weighted function in x: N Weighted functionin y:
-0.079) 0.088 )
0.411 0.282
WUx = | -1.488 WUy =| 1.732
1.055 —-0.601
-0.382) -0.396 )
ZWUX =048 ZWUV = 1105 < sum of the weighted functions
Compare with na, & na, below.
The spline function:
fy := aly + aXy - X + ayy - Y + (W<0>)0 ULM, + (W<0>)1~ ULM, + (W<0>)2 ULM,, + (W<0>)3 ULM,, + (W<0>)4~ uLm,
(v (v (v (v (v
fy = aly + axy - X + ayy -y + (W )0~ ULM, + (W )1~ ULM, + (W )2 ULM,, + (W )3 ULM,, + (W )4~ uLm,

< digplacements calculated separ ately for x & y asif each isto be independently

displaced by warpingthesplinein thez direction for agiven apont on the plane (x,y).

fy=5213  Bookstein'sinnovativetrick it tousethesevaluesin the original (x,y) plane by
consdering each as components (x+f , y+fy) of displacement.

fy = 3.848

Decomposition of the spline:

affingy := ally + axy - X + ayy -y affing, = 4.33 < Bookstein's " uniform” (affine)

affiney := aly + axy - X + ayy -y affiney = 4.109 displacement separately for x & .

nay := (W<0>)0 ULM,, + (W<0>)1~ ULM, + (W<0>)2 ULM, + (W<°>)3- ULM, + (W<0>)4~ ULM,  nac= 0482
nay = (W<1>)0~ ULM,, + (W<1>)1~ ULM, + (W<1>)2 ULM, + (W<1>)3- ULM, + (W<1>)4~ ULM,  na =110

A The" non-uniform” disgplacements separately for x & .

The ulimate goal hereisto provide pictures showing TOTAL displacement (x+f,, y+f,) aswell as par tial
displacements (x+affing,, y+affiney) for the affinepart, and (x+na,, y+nay) for the non-affine part.
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Bookstein's Thin Plate Splines

Now doing TPS calculationsfor all points on the grid:

< gpecifying each point in Gx/Gy in turn

Distances between points (x,y) in G,/G, and each L M point in Br isnow calculated and from
this, the spline energy function U is deter mined.

rdoj, K= \/[Xj,k - (Br<0>)0}2 + [yj’ K™ (Br<1>)OJ2 UdOj’ K

rdlj,k = \/[Xj,k - (Br<0>

)JZ{VM— (Br<1>)J2 Udlj’k:

rd2j’k = \/[Xj,k - (Br<0>

AT A

AT AT

AN Euclidean distances

Weighted U functions:

WUO, | = (W<0>)0~ Udo,

WU, | = (W<0>)1

WUk, | = (W

WU, | = (W

WUdkd, | = (W )4.

Sums:

©)

<0>)3.

-Udl

j.k

)4T+ [yj,k— (Br<1>)4J2 Ud4j’k:

0 otherwise

0 otherwise

0 otherwise

0 otherwise

0 otherwise

A Spline Energy function U
Note here that one must contr ol for the pathological
situation where In(0) isundefined asdone for P, above.

WUdyO, | = (W<1> )0.

WudyL, | = (W<1> )1 :

Wudy2, |, = (W<1> )2 :

WUdy3, | = (W<1> )3 :

Wudy4, | = (W<1> ) 4

WUdx = WUdXxO0. WUdx1. WuUdx2. WUdx3. WUdx4.
sum, ok k" ik k" ik

Is

WUdySumj’k = WUdij, Kt WUdyljyk + WUdij’k + WUdij’k + WUdy4j’ K

190,4f" 10, 7]
r01,f" 1 1,07
(12,4f" 1 (2,07
(193,4f" 1 (8,07

(104, ) '{(rd“i,k)z} !

rdO.

=0

I,k

rdl.

rd2.
J

rd3.

=0

=0

=0

I,k

rd4.

=0

-0.038 0.042
0.023 0.016
-0.025 0.029
008 -0.045
-0.04 -0.042
1.355 —2.946
0.875 -0.296
-0.029 0922 )
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Decomposition of the spline:

0.952] 0.936( 0.92 0.904 | 0.888
0.928| 0.91)|0.893| 0.875| 0.858
0.905| 0.886 | 0.866 | 0.847 | 0.829
0.882| 0.862| 0.841 | 0.821 0.8

10[ 0.862| 0.84[0.818{0.796 [ 0.774
” Thisisthe non-uniform part asrecorded 11] 0.842] 0.819[ 0.796 | 0.772 | 0.749
for each point x,y on the grid GX/Gy.

partial tables of sze (n X n)

0 1 2 3 4 Matrix of weighted sumsfor x and for y. Note
0]-0482|-0479| -0475| -0.47]-0.464 that entrieswith indices (0,0) report the same
1]-0.471]-0.468 -0.464 | -0.459 | -0.452 value calculated for this point above.
2| -0.46|-0.457|-0.452 | -0.447| -0.44
3| -0.449( -0.445]| -0.441 | -0.435| -0.428

WU = 4| -0.437|-0.434| -0.429 | -0.423 | -0.416 0 1 2 3 4
5 [-0.425|-0.422| -0.417 | -0.411 | -0.404 0| 1.105| 1.096 | 1.087 | 1.079| 1.072
6 | -0.413| -0.41]-0.405 | -0.399 | -0.392 1| 1.08| 1.07| 1.06|1.051|1.042
7 | -0.401(-0.398 | -0.393 | -0.388 | -0.38 2 |1.054(1.043|1.032|1.022] 1.012
8 [ -0.389 -0.386 | -0.382 | -0.376 | -0.369 3|1.028| 1.016 | 1.004 | 0.992 | 0.981
9 | -0.377(-0.374| -0.371 | -0.365 | -0.358 4| 1.003|0.989 | 0.976 | 0.963| 0.95
10| -0.365| -0.363 | -0.36|-0.355|-0.348 | WUdygym=|5 | 0.977| 0.962 | 0.948 | 0.933 | 0.919

6
7
8
9

n=30 <asecified above.

m:=0.2
o 1.355 " -2.946")
aolxm = (W )LMnurmm adx =| 0.875 aolym = (W )LMnurmm ady = | —0.296
-0.029 ) 0.922 )
Afij,k = adxo + Xj,k' adx1 + yj,k' adx2 Affyj,k = adyo + Xj,k' ady1 + yj,k' ady2
A Unifor m (affine) part inthex's A Unifor m (affine) part inthey's
Total spline:
TSXJ, k = Affo P + WUdXSumJ’k Ts/]’ Kk = Afny P + WUdysumj’k
0 1 2 3 4 5 0 1 2 3 4 5

3.848| 3.848 | 3.849 | 3.851 | 3.854 | 3.858
3.949|3.949| 3.95(3.952|3.955| 3.96
4.05| 4.05|4.051 | 4.054 | 4.057 | 4.062
4.151| 4.151 | 4.153 | 4.155 | 4.159 | 4.164
4.253| 4.253 | 4.255 | 4.257 | 4.261 | 4.267 TSy =
4.354| 4.355 | 4.356 | 4.359 | 4.363 | 4.369
4.456 | 4.457 | 4.458 | 4.461 | 4.465 | 4.471
4558 | 4.558 | 4.56 | 4.562 | 4.567 | 4.573
4.66| 4.66|4.661|4.664|4.668| 4.674
4.762| 4.762 | 4.762 | 4.765 | 4.768 | 4.774

5.213( 5.304 | 5.396 | 5.487 | 5.579| 5.672
5.158| 5.248 | 5.338 | 5.428 | 5.52| 5.611
5102 5.19| 5.28]| 5.369 [ 5.459 | 5.549
5.046| 5.133 | 5.221 | 5.309 | 5.398 | 5.487

4.99|5.076 [ 5.162 | 5.249| 5.336 | 5.424
49341 5.019| 5.104 | 5.189| 5.275 | 5.361
4.879(4.962 | 5.046 | 5.129| 5.214 | 5.298
4.824]14.906 | 4.988 | 5.07|5.153 | 5.236

4.77]4.851(4.932| 5.012] 5.093 | 5.174
4.718| 4.797 | 4.876 | 4.955| 5.035| 5.114

TSX =

Ol N|o|a| bh]|W[N|FP]O
Ol N|o|a| bh]|W[N|FP]O
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Now TPS calculation for LM pointsin thereference form Br:

(@ (D
Brx; = (Br )i Bry; = (Br )i 6.583 8.839
Br=|6.776 12.087
3.693) 10.382))
4819 11.205
6.583 8.839 o f  int in B 5607 10075
< ecltying (X, or eac oint In Br. . .
Brx = | 6.776 Bry = | 12.087 specifying (x.y) P
5.697 ) 10.075 ) 0023 0016
ii:=0.LMnum- 1 -0.025 0.029
0.08 -0.045
©) T2 o) P - - - W=
Brd, .. = [Brxi—(Br )iJ +[Bryi—(Br )ii} < Calculating Euclidean distances -0.04 -0.042
’ 1355 -2.946
Bry, ;= |(Bre n)z' I{(Brdi iiﬂ it Brd . #0 < Calculating Spline energy function U 0.875 ‘0'296)
g ’ ’ g -0.029 0.922
0 otherwise
0 3276 3523 1.395 2.027) 0 25472 31251 1.294 581 )
3276 0 3254 2951 1521 25472 0 2498 18.851 1.939 _
< Evaluations
Brd=| 3523 3254 0 2146 2283 BrU=|31251 2498 0  7.036 8.602
1395 2951 2146 0 1431 1294 18851 7.036 O  1.467
2027 1521 2283 1431 0 ) 581 1939 8602 1467 0 )
o {ulp - : -
BrwuUx, .. := (W™ );- BrU, . BrwUy, . == \W™);- BrU, < Calculating weighted U functions

i,ii

0 -0969 -1.188 -0.049 —0.221\

0.591 0 0579 0.437 0.045

BrwUx = | -0.774 -0.618 0 -0174 -0.213
0.103 1504 0.561 0 0.117
-0.233 -0.078 -0.346 —-0.059 0 )

0 1.081 1.327 0.055 0.247 \
0.405 0 0398 03 0.031
BrwUy=| 0.9 0.72 0 0.203 0.248
-0.059 -0.856 -0.32 0 -0.067

-0.243 -0.081 -0.359 -0061 0 )
Decomposition of the spline:

Non-uniform part:

W W

BrwUsumy := ZBrWUx' BrwUsumy, := ZBrWUy' < Calculating non-uniform part
-0.313)) 1.005") , o
< Evaluation for each L M point in Br
-0.161 0.864
BrwUsum, = | -0.394 BrWUsumy = | 1.045 1.355 ~2.946

0.155 0.496 adx = | 0.875 ady = | —0.296
~0.272) 0.459 ) -0.029 ) 0.922 )

Unifor m Par t:

BrAfin = adx )+ Brx, - adx, + Bry, - adx, 4.286 5.531)

6.858 3.254

Briffy, = adyy + Brx-ady, + Bry;-ady,  goag | 6033 BrAffy = | 6.191

5.247 5.956
6.047 ) 4.656 )

< Evaluations
A Calculation of affine part

3.693 10.382)
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Total:
TSBry := BrAffy + BrWUsumy TSBry := BrAffy + BrwUsumy,
| | | | I I

Displacementsvisualized in X & y: 3.972) 6.535 )
( 6.697 4.118

Be=8i0 4 T8y =Y 4 Tsmyy TSBry = | 6.539 TSBry = | 7.236
7.665 16.917) 5.402 6.453
13.28 12.957 5.776 ) 5114 )

Bx = | 13.315 By = | 19.323
10.22 17.657
11.472) 15.189 )

~ Evaluationsfor each LM point in Br

Plot of " deformed" grid and LM Pointsin the second (data) configuration:

21
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19_ c. .................. ]

18| : I T
. .-+. .-‘ ...............

17 Lo e e —

Gy+TSy
.Bil- ._ . . .. . .' . . .‘ . . .' -.-. ............
++ T :

] O TR A IR

W L D e e

i .......'.'.',',;I_'.:_

12

(Gx+TSX), Bx
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Combined Plots:

21

19 ::f:::::-.

17 I SRR R R
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Gy"‘TW :E::E::E::Es::i°. ............

o -..::::::::::::..:: ..........

++ ..-.:::_...:: ..........

131~

1

3 4 5 6 7 8 9 10 11

Br? Gy, Gy+ TSX, BX

12 13

Note that the calculations abovedo not specify an " opitimal" overlap of thegrids. Thismight be
accomplished by centering each grid or form first before making the above calculations. In general,

however , thisdoesn't matter.

14
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Partial Plots:

It isnow possible to decompose the thin plate spline calculated aboveinto subcomponentsthat all sum to
the total spline displayed in graphs above. The fir & step involves separ ating the " uniform™ (affine) from
the " non-uniform" parts as already calculated.

AffinePart:
Pointson thegrid (calculated above):
Afij’k:: adx0+ Xj,k' adx1+ yj,k' adx2 Affyj’k:: ady0+ Xj,k' ady1+ yj,k' ady2
A Unifor m (affine) part in thex's A Unifor m (affine) part in they's

LM Pointsin Br (calculated above)
BrAfin = adx0 + Brx, - adx, + Bry, - adx,,
BrAffyi = ady, + Brx; - ady, + Bry, - ady,,

A Calculation of affine part By o Br<0> + BrAff, By Br<1> + BrAffy

20
19~ .

181 T TP

‘G¥+tAffy

14 LR

12

(GX+AffX) , Bx
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Non-affine Part:
Non uniform sumsfor pointson the grid (calculated above):

Bookstein's Thin Plate Splines

0 1 2 3 4 0 1 2 3 4
0 | -0.482|-0.479 | -0.475| -0.47|-0.464 0[1.105| 1.096 | 1.087 | 1.079 | 1.072
1|-0.471]|-0.468 | -0.464 | -0.459 | -0.452 1| 1.08| 1.07| 1.06|1.051|1.042
WUdXgym=| 2 | -0.46|-0.457 | -0.452 | -0.447 | -0.44 WUdygym=| 2 | 1.054| 1.043 | 1.032 | 1.022 | 1.012
3 | -0.449|-0.445 | -0.441 | -0.435 | -0.428 3[1.028| 1.016 | 1.004 | 0.992 | 0.981
4 |-0.437|-0.434|-0.429 | -0.423| -0.416 4 (1.003|0.989|0.976| 0.963| 0.95
5| -0.425| -0.422 | -0.417 | -0.411 | -0.404 510.977| 0.962 | 0.948 | 0.933 | 0.919
-0.313)
Non uniform sumsfor LM pointsin Br (calculated above): _0.161
BrwUsumy = | —0.394 BrWwUsumy, =
0.155
Bx := Br<0> + BrWUsumy By := Br<1> + BrwUsumy, -0.272)
135
.+
131~ 7
125 .
12~ 7
R T
Gy+WUdygm ) e
By 115 L .
_|__|_ e R B T R R B
11_ ...... —_
105 [~ + . -
10 o -
. L+
95 | | | | | | |
3 35 4 45 5 55 6 6.5 7

1.005 )
0.864
1.045
0.496
0.459 )

(GX+Wdesum) , Bx




2008 Bookstein's Thin Plate Splines
Principal Warps& Partial Warps:

Bookstein (1991) describes (and Rohlf implimentsin TPS) an further spectral decomposition of the non-affine
part of the thin-plate spline very much in the spirit of PCA. The mathematics, involving eigenvector s and

eigenvalues, isnearly identical to PCA although based on the very different matrix LK'l described below.

From above, Bookstein set up the partitioned matrix L : comprised of lements.
0 25472 31251 1294 581 1 3.693 10.382\ 0 25472 31251 1.294 5.81\\
25.472 0 2498 18851 1939 1 6.583 8.839 25.472 0 2498 18.851 1.939
31.251 24.98 0 7036 8602 1 6.776 12.087 Pk =| 31251 24.98 0 7.036 8.602
L 1294 18.851 7.036 0 1467 1 4.819 11.205 1294 18.851 7.036 0 1.467
| 581 1939 8602 1.467 0 1 5.697 10.075 581 1939 8602 1.467 0 )
1 1 1 1 1 0O O 0
1 3.693 10.382)
3.693 6583 6776 4819 5697 0 O 0 00 0\
10.382 8839 12.087 11.205 10.075 0 O 0 ) 1 65838839
' ' ' ' ' Q=|1 6776 12.087 ZERO=100 0
1 4819 11.205 00 0)
From this, he calculated the matrix inverseL -1 1 5697 10.075) < 1 & reference LM (x,y)

0.04928 -0.00228 0.03286 —0.0744 -0.00546 1.92725 -0.31551 —0.05809 \\
—-0.00228 0.03889 -0.00042 0.04391 -0.0801 1.81355 01776  -0.29264
0.03286 -0.00042 0.02195 -0.04847 -0.00592 -3.78036 0.17271  0.24702
-1 -0.0744 0.04391 -0.04847 0.15456 -0.07561 -0.72522 -0.02746 0.14083

L ~ =
—-0.00546 -0.0801 -0.00592 -0.07561 0.16709 1.76478 -0.00735 -0.03712
192725 181355 -3.78036 -0.72522 1.76478 701.06169 -29.64533 -50.94956
-031551 0.1776 0.17271 -0.02746 -0.00735 -29.64533 4.95546  0.14471 3972 6535)
~0.05809 -0.29264 0.24702 0.14083 -0.03712 -50.94956 0.14471  4.83371 ) 6.697 4.118
6.539 7.236
And he " charged the spline" usngY: 5402 6.453
o _ dataLM (x,y) with zeros> vy =| '
- to cr eatethe coefficients W 5776 5.114
-0.038 0.042 -0.038 0.042 0 0
0.023 0.016 0.023 0.016 0 0
-0.025 0.029 -0.025 0.029 0 0 )
-1 0.08 -0.045 0.08 -0.045
004 -0.042 004 -0.042 K = length(Br®) K =5
1.355 -2.946 1.355 -2.946
A N
0875 —0.296 0.875 —0.296 number of reference LM Pomtsm
Br, and therefore the splin€e's

Matrix W (comprised of column vectorsin x and y) wasthen used to weight disances U(r) for each point
(x,y) on agrid to calculate thespline f(x,y). Dueto the partioned nature of L, the last threer ows of W
give the weights for the affine part of thespline with columnsr epresenting x & y respectively. The
remaining upper r ows giveweights based on each LM point in Br for the non-affine part. Note that the

non-affine parts of W are based only on the upper left (K X K) sub-block of L1,

13



2008 Bookstein's Thin Plate Splines 14
Now Bookstein defines the sub-block matrix L *: 0.04928 -0.00228 003286 -0.0744 —0.00546)
—-0.00228 0.03889 -0.00042 0.04391 -0.0801
invLk =| 0.03286 -0.00042 0.02195 -0.04847 -0.00592
-0.0744 0.04391 -0.04847 0.15456 -0.07561
-0.00546 -0.0801 -0.00592 —0.07561 0.16709 )

invLk = submatrix(L_ 1,O,K -1,0,K - 1)

Note that given thedata LM pointsV:

3.972 6.535)

6.697 4.118 0038 0,042 AN (K X K) upper left sub-block of L1
V =|6539 7.236 0.023 0.016

5.402 6.453 invLk -V = | -0.025 0.029

5.776 5.114 ) 0.08 -0.045

-0.04 -0.042)

N isthefirg (K X 2) non-affine sub-block of W.

Sincetheterm L -1V can bethought of asa linear transformation of pointsin column vector sof V intoW,
the transformation can be efficiently described in terms of thistransformation's" canonical” directions

(eigenvector ) and scalar changes (eigenvalues) in these directions of LK'l.

. . -1.
Eigenanalysisof L ™ 0 )
A= eigenvals(invLK) 0148
A =] 0.2838 < there are only two non-zer o eigenvalues, o there are
e 1) = (0-148\ 0 only two eigenvectorsto extr act.
’2) 0.284 ) o
g<0> = eigenvec(invLK,)\,l) < éigenvector in first column of g corresponding to the lesser eigenvalue A
g<1> = eigenvec(invLK,xz) < eigenvector in second column of & corresponding to the greater eigenvalue A
-0.49407 0.21524
—-0.24154 -0.32651 | <0>|
e =| —0.33697 0.13458 e l=1 < Eigenvectors, each sandar dized to a length of 1.
0.47001 -0.65535 | <1>| 1 Bookstein calls these eigenvectors and associated
& =

0.60257 0.63204 ) slines” Principal War ps'

Aswith PCA, each coordinate value (sngle number in a column r epresenting an eigenvector) can be

consdered a"loading” . In thiscontext, the" loadings" represent r dative potential displacement of each
reference LM point above or below a previoudy " uncharged" thin-plate spline for each Principal Warp

separ ately for x and y. Bookstein (1991, p. 322) also shows (and Rolf implementsin T PS) thin-plate splines of
the Principal War psthemselves as deformationsin the (x+Ax, y+Ay) plane. These diagr ams show the principal
ways points on the referenceform will movesimultaneously in (x,y) dependent only on choices of LM points
made on the referenceform, but lacking information about any specific change or compar ison between
reference and data sets. Principal Warpsare not at all likethe planar figures of total, affine, or non-affine
deformations, also shown in the (x,y) plane, in thesense that the latter contain " charged splin€' (comparison)
infor mation between for ms. Aswith PCA, the eigenvectors (=Principal War ps) should probably be viewed as an
intermediate step in congtructing Bookstein's" Partial Warps" which arein fact interpretablein the same
" charged splin€' manner astheabove figures. | won't constr uct the Principle Warp splinesher e, although |
acknowledge possible value of looking at them in tpsSplin. Moreimportant, perhaps, ishow formsdoin fact
change or differ in the cardinal ways of change (determined by thePrincipal War ps) imposed on the form by the
choice of reference LM. Actual changeor comparisons in these cardinal ways are recorded by Partial Warps.

In my opinion, interpretation of Principal Warps and Partial Warpsis often confused.



2008 Bookstein's Thin Plate Splines

Partial Warps.

Partial warps are calculated using the spectral decomposition of L K'l:

0.04928 -0.00228 0.03286 -0.0744 —0.00546\
—0.00228 0.03889 -0.00042 0.04391 -0.0801
invLkg =| 0.03286 -0.00042 0.02195 -0.04847 -0.00592
-0.0744 0.04391 -0.04847 0.15456 -0.07561
—0.00546 -0.0801 -0.00592 -0.07561 0.16709 )

Eigen Partials:

T
Po:=Ahg- s<0> . 8<0> Po =

T
P1:= ANt 8<1> . 8<1> P1=

0.04928 -0.00228 0.03286 -0.0744
—0.00228 0.03889 -0.00042 0.04391
Po+ Pp=| 0.03286 -0.00042 0.02195 -0.04847
-0.0744 0.04391 -0.04847 0.15456
—0.00546 -0.0801 -0.00592 -0.07561

0.03613 0.01766
0.01766 0.00864
0.02464 0.01205
—-0.03437 -0.0168
—0.04407 -0.02154

0.01315 -0.01994
-0.01994 0.03025

0.00822 -0.01247
—0.04003 0.06072

0.0386 —0.05856

~0.00546
-0.0801

(0.148\

0.284 ) €=

0.02464 -0.03437
0.01205 -0.0168
0.01681 -0.02344
-0.02344  0.0327
—0.03005 0.04192

0.00822 —-0.04003
-0.01247 0.06072

0.00514 -0.02503
-0.02503 0.12187

0.02414 -0.11753

-0.494 0.215
-0.242 -0.327
-0.337 0.135
047 -0.655
0.603 0.632 )

-0.04407
-0.02154
-0.03005
0.04192
0.05374 )

0.0386
-0.05856
0.02414
-0.11753
0.11335 )

-0.00592 | < Partialssum to original LK'1 matrix...

~0.07561
0.16709 )

Calculating Partial Warps for a single point on thegrid:

Consdering the same point (x,y) above: X := Gy X = 3.693
0,0

We calculated weighted U functions and their sums.

-0.0786) 0.088
0.411 0.282
WUx = | ~1.4884 WUy = | 1732 < calculated above
1.0554 -0.601
-0.3816 ) -0.396 )

ZWUX = -0.4822 ZWUy =11049 < sumscalculated asabove

These may bemore directly calculated from the unweighted disancefunction U:

ULMT -invLgk -V = (-0.4822 1.1049)

N same sum as above

invLk -V =

-0.038
0.0232

0.0798

0.0424
0.0159

—0.0248 0.0288

unweighted U:

2,067
17.7238

ULM =| 60.1247

13.2288
9.4959 )

-0.0454 < weighting coefficients
~0.0402 -0.0418 )
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And from Partials of spectral decomposition:

-00172  0.04 -0.0208 0.0024
— -0.0084 0.0196 — 0.0316 —0.0037 :0 Izgfiiiizln \tl\;eighting
AMg-e - -e -V=|-00117 00273 AMi-e -e -V=|-0013 00015
0.0164 -0.0381 0.0634 —-0.0073
0021 -0.0488) -0.0612 0.0071 )
-0.038  0.0424 -0.038  0.0424
- - 00232 0.0159 0.0232 0.0159
Mo.s@.g@ .V+M1.s<1>-s<l> .V =| -0.0248 0.0288 <same>  invLg -V =|-0.0248 0.288
0.0798 —0.0454 0.0798 —0.0454
~0.0402 -0.0418) 0.148) ~0.0402 —0.0418)
Applying the weighting coefficients: h= (0.284}

T
0 .V) = (-0.4743 1.1039)

o
-V ) = (-0.0079 0.00091)

ULMT . (kko- 8<0> €

ULMT . (kkl- 8<1> €

T
ULMT . (kko- 8<0> . s<0>

T
'V) + ULMT . (kkr 8<1> . s<1> 'V) = (-0.4822 1.1049)

< displacement for Partial Warp associated with AL,

< displacement for Partial Warp associated with A\,

< total displacement
" sametotal displacement summed above

Now doing Partial Warp calculations for all point on the Grid:

X. =G .=
ik ik Yik Gyj,k

Unweighted U: -0.038  0.0424
0.0232 0.0159
UDj,k::(UdOj,k vdl; Va2 Ud3; Ud4j,k) invLk - V = | ~0.0248 0.0288
0.0798 -0.0454 < weighting coefficients
UD, ,= (2067 17.724 60.125 13229 9.496)
; ~0.0402 -0.0418 )
A firg point same as single point above
-00172  0.04 -0.0208 0.0024
- -0.0084 0.0196 - 0.0316 —0.0037
@ (o v (@ : o
AMg-e -e -V=|-00117 00273 AMq-e -e -V=| -0013 0.0015 < partial weighting
00164 00381 00634 -00073 | coefficients
0021 -0.0488) -0.0612 0.0071 )
Applying the weighting coefficients:
PDDO. , := UD (m @ v\ PDDO_ = (-0.4743 1.1039
kT UYLk \MOrE R ) o,o_(_' 1039) < displacement for Partial Warp
associated with A,
0 @ . _
PDD1, , ==UD.  -\Atg-e~ -&~ V] PDD1,  =(-0.0079 0.00091) < displacement for Partial Warp
ik j.k 0,0 ) .
associated with A\,
DD, | = UD; | - (invLk - V) TDD, ,= (-0.4822 1.1049) < total displacement

< gpecifying each point in Gx/Gy in turn

A evaluation of first point same as above

16
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Bookstein's Thin Plate Splines 17
Now Partial Warp calculation for LM pointsin the referenceform Br:

3.603) 10.382) _ (0'148\
6.583 8.839 o oo 0.284)
< Jpecitying (X, Oor eaci oint in Br.
Brx = | 6.776 Bry = | 12.087 specifying (xy) P 0494 0215
4.819 11.205 -0.242 —0.327
5.697 ) 10.075) e=|-0337 0135
-0.038  0.0424 047 0655
Unweighted U: 0.0232 0.0159 ' '
0.603 0.632 )
invLk -V = | —0.0248 0.0288
0 25472 31251 1294 581 ) L .
0.0798 -0.0454 < weighting coefficients
25472 0 2498 18851 1.939
-0.0402 -0.0418 )
BrU=|31251 2498 0O 7036 8602
1294 18851 7.036 0  1.467
581 1939 8602 1467 0 )
-00172 0.04 -0.0208 0.0024
- -0.0084 0.0196 - 0.0316 —0.0037
@ (o (v @ o
Mo-€  -e -V=|-00117 0.0273 A1-e -e -V=|-0013 00015 | < partial weighting
0.0164 —-0.0381 00634 —0.0073 | Coefficients
0.021 -0.0488 ) -0.0612 0.0071 )
m:=0.1

Applying the weighting coefficients:

N
PBIOX, := [BrU<'> : (mo- 0. (g

o' V<0>\L

N T
PBrix, := [BrU<'> -(ml-s@ D -v<°>ﬂ0

[T
TBrx, = Bl . (invLK : V<O>)JO

-0.437772
-0.3820616
-0.4520239
-0.2325326
-0.1931488 )
0.1245269 )
0.2209934
0.0584597
0.3872926
-0.07871 )

PBrOx =

PBrix =

-0.31325))
-0.16107
~0.39356
0.15476
-0.27186 )

TBrx =

PBrOy =

PBrly =

TBry =

1.01895)
0.88928
1.05212
0.54124
0.44957 )
-0.01441)
-0.02557
~0.00676
-0.04482
0.00911 )

1.00454
0.86371
1.04536
0.49642
0.45868 )

NI T
PBrOyi = |:BI‘U<I> . (7\7&0' 8<0> : (8<0>) : V<1>ﬂ0

N T
PBrly, := [BrU<'> -(ml-s@ D -v<1>ﬂ0

\T
TBry, = [BrU<'> : (invLK AV )}0

< displacement for Partial Warp
associated with A,

< displacement for Partial Warp
associated with A\,

Totals are the same as calculation above;

-0.31325)) 1.00454
~0.16107 0.86371
BrwUsumy = | —0.39356 BrwUsumy = | 1.04536
0.15476 0.49642
-0.27186 ) 0.45868 )
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Plot of Partial Warp associated with A\ Ao = 0.148
BOx := Brx + PBrox BOy := Bry + PBrOy <for LM pointsin Br
PDDOx, | = [(PDDO. k)<0>} PDDOy, |, = [(PDDO. k)ﬂ < extracting points from
I I 0 b I 0 nested matrix for grid
135
.+
13 ©
12.5 -
12 oo =
G,+PDDOy ; T
Ry 115 . H
BOy .
++ + . -
1 R
105 . R
10 ]
T+
95 | | | | | |
35 4 45 5 5.5 6 6.5

G, +PDDOX, BOX
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Plot of Partial Warp associated with AA4: AL = 0.284

B1x := Brx + PBrix Bly := Bry + PBrly <for LM pointsin Br

PDD1x, | := [(PDDl. k)@} PDDly. | == [(PDDl. k)@} < extracting points from
. . 0 I I 0  nested matrix for grid

125

115— ..-----......----.-oo-----::::: _

Gy+PDD1y e . e o s 8 s s s e ® » e s s s e s e o s .
‘Bly 105~ —
++ +.

I I I I I I I
35 4 45 5 55 6 6.5 7 75

G,+PDD1x, B1x

8.5
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